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(60) Note Added in Proof. It has recently been pointed out to us 

by Professors J. Skolnick and R. Yaris of Washington Univ- 
ersity, St. Louis, that the presence of a certain amount of the 
constraint release mechanism would cause a tendency for 0 to 
vary more nearly as l/n, rather than l/nw. (The constraint 
release mechanism accounts for the fact that the chains form- 
ing the reptation tube of a particular molecule in a pure 
polymeric liquid are themselves reptating.) As noted, our data 
analysis suggests that the fit with l/n, as depicted in Figure 
4 is somewhat better than that with l/nw. Thus it would 
appear that while the simple steady- state reptation model with 
y N 1 certainly holds with respect to its main features in the 
present application, there is a hint in the results that some 
constraint release may occur despite the rapidity with which 
the chains are drawn onto the crystal. 
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ABSTRACT: Equation-of-state polymer solution theories provide a rational means of describing polymer 
solution vapor/liquid equilibrium and liquid/liquid equilibrium for multicomponent systems. These theories 
require a relatively small number of parameters to describe solution behavior but are quite complex and 
cumbersome for manipulation and calculation. This work presents an efficient mathematical framework for 
manipulating these equations for the purpose of deriving solution thermodynamic properties such as species 
activities or chemical potentials. Writing the equations in matrix form and obtaining an expression for the 
excess free energy provide a route to species activities which is relatively clean and compact. The resulting 
multicomponent equation for species activities for the Flory equation of state theory, the simplified Flory 
theory, and the Sanchez and Lacombe lattice fluid theory can all be obtained in a similar way and have similar 
forms. The compact form allows easy comparison of different theories and also provides a convenient form 
for coding computer calculations of solution behavior. 

Introduction 
The theories of Flory' and of Huggins,2 based upon an 

incompressible lattice structure, provide the basic frame- 
work for more recent equation of state theories. This 
Flory-Huggins theory allows for combinatorial effects and 
energetic interactions between molecules and has been 
used widely to calculate the thermodynamic properties of 
polymer solutions. It succeeds in providing a rough rep- 
resentation of solvent activities in nonpolar polymer so- 
lutions with one adjustable parameter per binary pair in- 
teraction. I t  has also been fairly successful at approxi- 
mating liquid-liquid phase equilibria and predicting upper 
critical solution temperature (UCST) of binary, nonpolar 
polymer  solution^.^ 

Equation-of-state theories such as those by Flory4 and 
by Sanchez and Lacombe5 have extended the foundation 
for these types of equations by beginning with a partition 
function which can be used to rigorously derive equations 
of state and other thermodynamic relations such as species 
activities. The Flory theory is based upon earlier work by 
Prigogine,6s7 and the Sanchez-Lacombe theory is based 

*Author to whom correspondence may be sent. 
'Present address: Texaco Research, P.O. Box 1608, Port Arthur, 

TX 77641. 

upon a fluid lattice, that is, one which allows for holes or 
unoccupied cells of the lattice in addition to cells occupied 
by molecular segments. The theories are successful in 
predicting both UCST and LCST behavior. Furthermore, 
they are not restricted to single-polymer systems, and, in 
principle, may be applied to nonpolymeric liquid solutions 
and multiple-polymer solutions as well. In this latter 
context, they have been used to aid in understanding 
polymer compatibility in polymer blends. Additionally, 
the Sanchez-Lacombe equation of state is capable of de- 
scribing fluids in both the liquid and vapor states. 

While these theories have the advantage, in multicom- 
ponent systems, of requiring a small number of adjustable 
parameters, they do suffer from the difficulty of being 
quite complex and unwieldy. For multicomponent systems 
the number of terms in the equations becomes very large, 
and organizing and manipulating the terms to obtain ex- 
pressions for the various thermodynamic relations and 
computing the quantities by using these relations are quite 
difficult and complex. 

The objective of this paper is to present a matrix ap- 
proach to deriving and manipulating the multicomponent 
solution theory equations. This approach is both sim- 
plified in method and compact in form. In addition, this 
paper provides a convenient and unified review, summary, 
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species. With these first two definitions, N = CiNi = 
lT.N.1 = total number of molecules in the system. 

3. Each theory defines a composition fraction (volume 
fraction, segment fraction, site fraction), and in addition 
there are mole fractions. For example, for the_Flory theory 
we define a diagonal matrix of site fractions 6 so that CiOi 
= lT&l = 1. As another example, mole fractions are x = 
N/N and lT.x.l = lT-N.1/N = N/N = 1. 

4. Other diagonal matrices will be used for the various 
species properties. For example, M is a diagonal matrix 
of the species molecular masses. 

5. Each theory describes the total system mer-mer 
interaction energy per segment in terms of quantities 
which are characteristic of the individual pair interactions 
and sums these binary interactions, weighted according to 
the appropriate composition fractions. For the Flory 
theory we define f i  to be the n X n symmetric matrix of 
these binary interactions (qij) for the system. The mixture 
interaction (7, a scalar) then is 

(3) 

6. We also define Ui to be an n X n diagonal matrix with 
only one non-zero element, a 1 in the ith diagonal position. 
Note that lTUi and Ui.l are the ith row and column unit 
vectors, respectively, and that lT.Ui*l = 1 for all Ui. 

Useful Relations. A number of identities are useful 
for obtaining thermodynamic relations from the multi- 
component polymer solution theory formulations. 

1. Given a set of functions, f j (x l ,xz,  ..., x,), for the various 
species, j ,  a function NG formed as a linear combination 
of the f s  with the mole fractions (x and f are diagonal 
matrices) 

(4) 

. . A  

7 = lT.$.fi.$.l = CC$.$. 1 IVV .. 
i j  

NG = NCxjfj(x) = NIT*x.f*l 
I 

is differentiated with respect to Ni to give 
dNG 
aN; 
- -  - 

and comparison of three equation-of-state (EOS) theories 
that have appeared in the literature. Finally, the end-use 
equations for species activities (for activity coefficients) 
are derived and presented in their full multicomponent 
form for the three EOS solution theories. 

These theories start with a statistical-mechanical par- 
tition function, 2, from which can be calculated the 
thermodynamic properties of interest. Presented below 
is, first, a general procedure for an approach which may 
be followed, given a specific partition function, to obtain 
polymer solution activities, activity coefficients, and other 
relations. This general procedure includes an outline of 
the procedure and certain mathematical definitions and 
relations which are useful in the applications. Second, 
examples of the procedure’s use are presented for three 
equation-of-state solution theories. 

General Procedure 
Outline. The derivation of the activity equations for 

a specific solution theory follows the six-step procedure 
given below. 

1. Select the partition function to be used for the pure 
components, e.g., Z = Z(T,V;pure component parameters) 
or 2 = Z(T,p;pure component parameters). 

2. Use the same partition function for the mixture as 
for the pures but introduce binary interaction energy pa- 
rameters. The composition is expressed in terms of the 
number of moles or molecules of each species present. 
Also, mixture properties for the partition function are 
written in terms of the pure component parameters 
(properties), binary parameters, and composition through 
mixing rules. 

3. Introduce mixing rules. 
4. Determine the equation of state fot the partition 

function chosen. Since the partition function is the same 
for each species and for the mixture, the EOS is the same 
for each, in form, differing only by the actual numbers used 
for the various properties. The EOS is found by mini- 
mizing the Helmholtz or Gibbs free energy, depending on 
whether the partition function depends on V or p ,  re- 
spectively (A = -kT In Z(T,V) and G = -kT In Z(T,p) ) .  

5. Determine the excess functions* AE (if Z = Z(T,V)) 
or GE (if Z = Z(T,p)):  

(1) AE = Amix - CxiAi - kTCxi In x i  

GE = Gmix - CxiGi - kTCxi In x i  

1 i 

or 
(2) 

6. Determine d(NAE)/dNi or d(NGE)/dNi, which gives 
kT In yi (N = total system moles or molecules). Along the 
way, the EOS is used to simplify the final expression. 

An alternate procedure followed in the literature (in 
place of steps 5 and 6) is as follows: 

5’. Determine the partial molar properties Ai (= 
[d (NA,3aNi l~ ,~~)  or Gi (=[a(NG,d/aNil~,,~). 

6’. Then kT In yi = Ai - Ai - kT In x i  or kT In yi = Gi 
- Gi - kT In xi. This procedure involves much more al- 
gebra, however. 

Also, note that In ai = In (y ix i ) ,  so the species activities 
(and chemical potentials) can be obtained from the rela- 
tions determined in step 6. 

Useful Notation. For working with the multicompo- 
nent equations, we introduce several matrix definitions. 

1. Define lT to be a row vector with each element equal 
to unity and with the number of elements equal to the 
number of species, n. 

2. Define N to be an n X n diagonal matrix of the 
number of molecules (or moles, as appropriate) of each 

i i 
These relations appear when obtaining activity coefficients 
as described in step 6 of the general procedure outline. 
Note that when differentiating f with respect to the x i  that 
this is a partial derivative holding the other xj constant. 
Because Cixi = 1, we cannot perform this differentiation 
experimentally, but we can do it mathematically. The 
actual differentiation is with respect to moles, which is 
physically meaningful. As long as the sum Ck(dfj/ 
axk),m(dxk/dNi)Nl is formed, then the derivative [ (df , ) /  
(dNi)lN, is obtained. In matrix form, [dx/dNi]~1 = (di - 
x)/N, giving the first equality in eq 5. The last term in 
eq 5 is written in summation form as CiC.xifj(afi/dxj). 

2. The mixture interaction is differentiated wth  respect 
to moles, treating the vij as independent of composition, 
to give the scalar 

with the second equality resulting from the fact that fj is 
symmetric. Then, because 
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eq 6 becomes ( $ N j  = (21T.8.ij.Ui.1 - 27)- oi 
Ni 

(7) 
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Table I 
Relations between the Molecular and EOS Parameters for 

the Flory Theory 

3. An identity for part of this last result is particularly 

21T.8+Ui-1 = vii + tr(8.ij) - lT.Ui.Aij.8-1 (9) 
where Aqij = qii + njj - 27ii Note that aaii  7 0 and that 
Aij is symmetric. Also, tr(O.ij) = 7 + lT.0.A1.O.1/2 so that 

(10) 

Application to Solution Theories 
This section presents the development, following this 

outline and the matrix approach, of the multicomponent 
species activity equations for three specific equation-of- 
state solution theories: the Flory theory, the simplified 
Flory theory, and the Sanchez-Lacombe lattice fluid 
theory. For the Flory and Sanchez and Lacombe theories, 
the development is presented in the six parts which cor- 
respond to the general procedure of the outline. 

Flory Theory. The polymer solution theories of Flory4 
and Patterson9 were derived from the initial work of 
Prig~gine.~~'  Each borrowed the concept of a cell model 
type partition function which required the separation of 
internal and external degrees of freedom. Internal degrees 
of freedom were associated with intramolecular chemical 
bond forces, whereas external degrees of freedom depended 
only on intermolecular forces. The derivation introduced 
the concepts of hard-core and free volumes to account for 
local liquid structure and, thus, volume changes on mixing. 
The form of the partition function provided a mathe- 
matically simple equation of state and was easily gener- 
alized to mixtures. These theories are often characterized 
as corresponding states theories since they yield reduced 
equations of state which are functions only of the reduced 
temperature, pressure, and volume. 

1. For pure polymer liquid species i consisting of N 
r-mers, the partition function is written as a function of 
temperature and volume and is given by 

useful 

2lT.8.+Ui.1 = qii + 7 + YZ(lT.8.A+8*1) - lT-Ui.A+8*1 

When writing equations for a pure species, the subscripts 
normally are omitted. In this paper they are included to 
avoid confusion with mixture equations that will follow. 
Quantities without subscripts are used to indicate mixture 
values. Note that riNiui is the total system volume for the 
pure component i. 

The total system interaction energy, taken to be van der 
Waals in form (proportional to u-l) and expressed per mer 
intermolecular contact site, is 

-Eoi = riNisi( g) 
where rNs/2 represents the number of pair interactions 
and Ti/ui is the energy/(contact site pair) for a mer-mer 
interaction. I t  is customary to write this system energy 
in terms of a characteristic energy per segment, ti* 

riNi siqi riNi -E . =  - - = --ei* 
01 ici ( 2ui*) ai 

parameters 
molecular EOS relation 

r 
U* u.p* ru* = Musp* 
c* P* rc* = Mp*vllp* 

rc = - C P 
MP*V,,* 
kP 

Then, a characteristic temperature and pressure are de- 
fined by using this characteristic energy and are used to 
calculate reduced temperatures and pressures: 

m 

For each pure component, then, there are four funda- 
mental molecular parameters related to three equation- 
of-state parameters through three equations, given in Table 
I. For a pure component, the EOS parameters can be 
obtained experimentally. However, these three parameters 
cannot be used to obtain a unique set of molecular pa- 
rameters. In mixtures, the Flory theory sets all hard-core 
segment volumes (u*)  equal. 

2. For a mixture with N total molecules, the mixture 
partition function is 
Z = Z(T,V,N) = 

(con~tant)Z~~~~u*~~~(ic~/~ - l)3rNc exp( - 2) (16) 
This is the same partition function as was defined for each 
of the pure components with the exception of the com- 
binatorial term, which is taken to be the same as the 
classical Flory-Huggins term: 

where In li/ is defined to be the diagonal (n X n) matrix 
containing the In +i values. Also, for this mixture partition 
function, u*, r, c,  and Eo are values for the mixture and 
are defined by the mixing rules. 

3. Mixing rules express average properties for the 
mixture in terms of the pure component values. Table I1 
gives the mixing rules for the Flory theory. The hard-core 
segment volumes for the species in the mixture are taken 
to be equal. The mixture-average segments per molecule, 
degrees of freedom per segment, and surface area or con- 
tact sites per segment are calculated as the total in the 
mixture divided by the total number of segments in the 
mixture. The interaction matrix, ?j, is symmetric, con- 
taining the pure component interactions, qi, as the diagonal 
elements and unlike pair interactions, qij, as the off-diag- 
onal elements. In this work, as is typical in the literature, 
we assume that i j  is independent of composition. Also, the 
characteristic energy, temperature, and pressure for the 
mixture are related to each other in the same way as these 
quantities are related for each of the pure components. 

For the Flory theory, both segment-fraction and site- 
fraction compositions are defined. In our formulation, 
diagonal segment frac_tion and site fraction arrays are 
defined according to + = r.N/rN and 0 = TN-s/rNs. 
Hence, the ith diagonal elements of + and 0 are +i = 
riNi/rN and Oi = riNisi/rNs, which are the fraction of 
segments and sites, respectively, in the total mixture that 
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This result can be expressed in terms of EOS parameters 
and interaction energies. Obtaining the result, made 
considerably easier by the matrix formulations, never- 
theless requires considerable manipulation and substitu- 
tion. These steps are summarized in Table 111. Substi- 
tution E makes use of eq 10. Substitution F in Table I11 
comes from combining D and E and collecting 
$irN~v'1/3/ [Ni(ii1/3 - l)] and -$irNss/ (2ukTNi) through the 
EOS. The multicomponent matrix form of the Flory 
theory equation for species i activity then is 
In ai = In J / ;  + lT.&(I - Miuisp*M-l.v,p*-l)-l + 

Table 11 
Mixing Rules for the Flory Theory 

v* = = u2* = ... = v,* 

xriNici lT.pN.c.l 
CriNi rN 

c P - =  ; i.e., rNc = lT.r.N.c.l 

CriNisi 1T.r.N.s.l 
CriNi rN 

S I - -  - ; i.e., rNs = lT.r.N.s.l 

rNs7 - PN*S -E = , where 7 P 1T.&j.8.1; 0 P - , the site fractions o - -  rNs 2v 

are contributed by species i. 

function by the relation 
4. The equation of state is obtained from the partition 

dNA a In Z(T,Vj' 

In this differentiation, rNu = V, and the well-known result, 
obtained for the pures as well as for the mixture, is 

pB E l i 3  1 
(19) 

The characteristic EOS parameters uBp*, p*,  and T* are 
evaluated by fitting eq 19 to experimental pressure-vol- 
ume-temperature (PVT) data.3p4J0 Bondi's correlations" 
can be used to generate reasonable approximations to 
limited PVT data. Values of p*,  P, and usp* are tabulated 
by Bonner and PrausnitzlO for many common polymers 
and solvents. 

Defining site fractions introduces segment-surface ratios 
si/sj, which can be estimated from crystallographic or other 
geometric considerations12J3 or via the group contribution 
format of Bondi." Comparison with actual polymer so- 
lution thermodynamic measurements indicates that nei- 
ther method is entirely ~atisfactory.'~-'~ Alternatively, s./s 
can be treated as an additional adjustable-fit 

5. The excess Helmholtz function,' AE (=A - CixiAi - 
kTCixi In x i ) ,  is 

-= - - -  
p fi1/3 - 1 v'p 

3rNc In - u*ll3) + lT.N.ln $.I - 
kT 

In (const)] - .[ 2 - 3riNici In 

1 

- u* l I3 )  - 

In (const) 1 - lT.N.ln x.1 (20) 

6. The activity for a species i can be obtained through 
the activity coefficient of i, obtained by differentiating the 
above expression with respect to moles of i 

dNAE/kT dEo/kT ( aN, )T,"fl, = In yi = (7) - 

a[rNc In (u1/3 - u*'/~)] 

a 
aNi 

lT.N--[ln 5 - In x1.l + In $i - In x i  (21) 

+ pi  - p + - v'i) + 1 ( i p 3  - 1) 

( i Y 3  - 1) 
3Ti In 

Mpi*viap* 

kT 

Flory's theory conventionally is written in terms of Xi, 
parameters, and accordingly we define an asymmetric X 
(energy density) as 

s*A? 
X r -  

2u*2 
For example, X12 = S ~ A ~ ~ ~ / ( ~ U * ~ ) ;  X21 = s2Aa21/ (2~*~)  = 
s2Xlz/sl. In terms of these X parameters, the interaction 
energy terms in eq 22 are 

because 

By allowing for free volume effects and molecular con- 
tact surface area dissimilarities, the Flory EOS theory 
provides an improved representation of polymer solution 
thermodynamics beyond the scope of the original lattice 
theory. This advantage, however, is at  the expense of a 
considerably more complex form and the need for pure 
component characteristic parameters. Successful appli- 
cation of the theory requires accurate values of these pa- 
r a m e t e r ~ . ~ ~ ~ ~ ~  Nevertheless, it embodies the essence of the 
lattice theory by incorporating the same formulation for 
combinatorial contributions. The improved theory usually 
succeeds in predicting thermodynamic behavior where the 
lattice theory fails. For example, although it qualitatively 
predicts the simultaneous occurrence of both the UCST 
and LCST, the predicted value of the LCST is usually 
ina~cura te .~  McMasterlg reported that relatively small 
changes in values of the thermal expansion coefficients 
produced significant changes in the predicted LCST for 
binary polymer systems. 

The theory has been successfully applied to nonpolar 
solutions.12 Using gas chromatography, Bonner et a1.20 
reported significant improvement over the lattice theory 
for correlating polymer thermodynamics. Pouchljl and 
Patterson13 presented evidence in favor of the theoretical 
consideration of interaction between molecular surfaces 
of the components. 

Simplified Flory Theory. A simplified version of 
Flory's theory has been presented by Bonner and Brock- 
meier,21 following Bonner and Prausnitzlo by assuming that 
all of the segment-surface values (s) are equal. If this is 
true, then 
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Table I11 
Substitutions Used in Obtaining the Flory Theory Result 

substitution 

A 

B 

D 

E 

F 

and the first equality of the second line of relation E in 
Table 111 is 

Combining this with the other relations, as for the full 
Flory theory, gives 
In ai = In qi + lT&(I - MiuisD*~M-l~vsD*-l)~l + 

Similar to the full Flory theory, $irNc01/3/ [Ni(v"/3 - l)] 
is replaced through the EOS. The final equation for this 
simplified theory, then, is 
In ai = In qi + lT&I - Miuisp*M-l.vsp*-l)-l + 

MiUisp*b 
(lT.$.P*-$-1 - 2lT*$*P**Ui*1) (29) kT 

the original Flory theory. Predictions of the two versions 
are analogous, of course, except for those situations where 
unequal interaction sites between components become a 
major contributing fa~tor . '~J~J '  

Sanchez and Lacombe Lattice Fluid Theory. An- 
other EOS approach to polymer solution thermodynamics 
is the lattice fluid model of Sanchez and L a ~ o m b e . ~  Al- 
though the theory used the formalism of the Flory-Hug- 
gins theory by applying a lattice to enumerate configura- 
tions, the distinctive difference was that empty lattice sites 
or free volume effects were taken into account. Thus, this 
"hole" theory allowed for a compressible lattice and, 
therefore, volume changes on mixing, which were previ- 
ously excluded in the original lattice theory. 

The development led to a statistical mechanical partition 
function which, unlike the cell model type partition 
function of the Flory theory, did not require the distinction 
and separation of internal and external degrees of freedom. 
In addition, except for polymers of sufficiently high mo- 
lecular mass, the lattice fluid equation of state did not 
satisfy a simple corresponding states principle. 

1. For this model, the partition function for pure species 
i is written as 

where P* = s f i / ( 2 ~ * ~ ) .  Also, we can define-a scalar char- 
acteristic pressure for the mixture p* = lT.J/.P*+1. Note 
that in their result, Bonner and Brockmeier do not include 
the pic term, which is small at low pressures. 

The simplifying assumption of equal contact area for all 
segments in solution makes this version more restrictive 
in its description of polymer solution thermodynamics than 

In these and subsequent equations for this theory, when 
concerned with a pure species only (as opposed to a mix- 
ture), Sanchez and Lacombe use no subscripts and use r 
for the (segment)/(molecule) (as opposed to r'). However, 
in the mixture the segments per molecule may be different 
for a species from its value in the pure state. In the 
mixture, then, Sanchez and Lacombe use ri to indicate the 
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or cells occupied by molecules in solution is required to 
be the same as the total for the individual pure states, 
preserving the number of pair interactions. From this 
definition, segment fractions can be defines, both in terms 
of mixture segments per molecule values, t,b r.N/rN, and 
in terms of unmixed (pure state) segments per molecule 
values, Go = r".N/rN. Note that even though lT+l = 
lT-$O.1 = 1, it still holds that $ # Go; i.e., the individual 
riNi terms are not equal to the corresponding rio Ni terms, 
but the sums CriNi and CrioNi are equal. 

The third rule states that the (total volume of the 
mixture) = (volume of the vacant sites) + (hard core 
volume of the molecules). Then a reduced volume is de- 
fined for the mixture, as well as the fraction of cells oc- 
cupied by holes and by each of the species in the mixture: 

Table IV 
Relations between the Molecular and EOS Parameters for 

the Sanchez-Lacombe Theory 
parameters 

molecular EOS relations 
r Vap* rv* = Muap* 

V* P* 
kT* v* = - 
P* 

c* T* c* = ki" 

Table V 
Mixing Rules for the Sanchez-Lacombe Theory 

riv* = rioui* or rv* = rev* 

rN lT.r.N.l lT-r0.N-1 r = - = - = -  N N N 
V = N0u* + V* = (No + rN)u* = rNu 
(V* = rNu* = lT.r.Nv*.l = lT.rO.N.v*.l) 

E = -rNpt*; p* I u.; T* I - €* c* 

k 

mixture value for species i and rio to indicate the pure 
value for species i. To avoid confusion, we have included 
the subscript and superscript notation in the pure-state 
definitions. 

The total system energy, Ei, is calculated as (mer-mer 
interaction energy) X (number of pair interactions) X 
(probability that two cells are occupied by mers): 

Ei = - ( e i )  ?(No + rioNi) vi2) = -rioNipiq* (31) 

where ei* = ziti/2. Characteristic EOS parameters and 
reduced properties are defined according to 

['; 1 

ti* P 
pi = - vi* ' Pi* 

pi* = -* (33) 

For this theory, each pure component can be described by 
using three molecular parameters or three EOS parame- 
ters, related by three equations (Table IV). Both sets of 
parameters can be obtained uniquely from pure component 
data. 

2. For a mixture with N total molecules, the mixture 
partition function is 

(34) 

3. Mixing rules for the lattice fluid theory are given in 
Table V. These rules concern hard-core segment volumes, 
the number of segments per molecule, the total volume of 
the mixture, and the mixture interaction energy. 

The Sanchez and Lacombe theory defines a hard-core 
segment volume for the mixture, as does Flory's, but al- 
lowing this volume to be the same for each species in the 
mixture requires that r for each species be different in the 
mixture from its value in the pure state. The hard-core 
volume occupied by an entire molecule (not segment) in 
the mixture must, however, be the same as in the pure 
state. This fact, and the concept of holes in the lattice, 
lead to the first rule in Table V. 

The second rule defines a mixture average number of 
segments per molecule in terms of the species values in the 
mixture and in the pure state. The number of segments 

(35) 
- u rNv (No+rN) 1 

u* rNv* rN P 
- = -  u = - = - -  

= 1 - p ;  NO 
f o  = No + rN No = rN(B - 1) 

(36) 
GirN 

= GiP - - riNi 
f i  = No + rN No + rN 

For the pure state, analogous equations hold where values 
are for the pure species and the segment fraction is unity. 

The relation for the total interaction energy in the 
mixture is analogous to that for a pure component and 
serves to define E* for the mixture. As will be discussed 
later in this paper, Sanchez and Lacombe have suggested 
two forms for E* in terms of the individual species inter- 
actions. One form assumes pairwise additivity o,f the el- 
ements of an interaction energy matrix ?* (E* = lT+~*+1), 
where the eij* are assumed composition independent; the 
other assumes pairwise additivi;ty of :he elements of an 
interaction P* matrix (p* = lT+P*+l), where the Pij* 
are assumed composition independent. In terms of E * ,  E 
= -rNjk*; in terms of p*, E = -rNPp*v*. 

4. The EOS for this theory is obtained from the Gibbs 
free energy by using the thermodynamic relations 

Defining 0 = G/rt* gives for the Sanchez-Lacombe theory 
c 

in which 17 is in turn a function of p and?. Now, in terms 
of reduced quantities, eq 37 becomes (aG/ap)T = 6, which 
in terms of eq 38 is 

v'= (a0) - +(a0) - (aii)  - ap P , ~  aii T , ~  a8 p 

=fi+(&) aii F , ~  ( E )  ap p (39) 

from which it is clear that (a&/a6)T,p 0. Performing this 
differentiation on eq 38 and setting it equal to zero give 
the EOS for this theory as 

(40) 
For a pure component, the quantities in the equations 
above are for the pure species, including riot and for the 
mixture they are all mixture properties. 

Sanchez and Lacombe?16 using a nonlinear least-squares 
fit of experimental PVT data to the EOS, tabulated the 
characteristic molecular parameters for low molecular 
weight and polymeric fluids, respectively. For polymers 

p 2  + + T[ln (1 - 6) + (1 - l/r)P] = 0 
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where PVT data were limited, the parameters were esti- 
mated from one-point experimental values of density, 
thermal expansion coefficient, and either thermal pressure 
coefficient or isothermal compressibility. Note that these 
pure component parameters have different values from the 
Flory theory values. Also, since there are only three mo- 
lecular parameters related to the three EOS parameters, 
the molecular parameters for this EOS theory can be 
evaluated uniquely. 

5. The excess Gibbs function,8 GE ( = G  - Cix iGi  - 
kTCixi In x i ) ,  becomes 

+ rN(D - 1) In (1 - 3) + N G E  E + Pv - -  
kT - '7 

Ej + pVj 
lT.N.ln $p.1 - lT.N.ln x.1 - + 1 - 

Zr joNj (Dj  - 1) In (1 - pi) + lT.N.ln 5.1 (41) 
I 1 

In this result, the In (1 - p )  terms come from In fo for the 
mixture and for the pure components; the In # j p  and In 
pi terms come from In f j  in the mixture and In f j  for the 
pure components. The In wi terms arising from the mixture 
and pure component In 2 values cancel because wi is the 
same in the mixture as in the pure state. 

6. Differentiating this result with respect to N i  gives the 
activity coefficient of species i 

+ rN(D - 1) In (1 - p )  - 

-rio(Di - 1) In (1 - pi) - In p i  - In x i  (42) 

Analogous to the Flory result, this equation can be ex- 
pressed in terms of pure component and mixture EOS 
parameters and interaction energies. For this theory, a 
result in terms of molecular parameters can also be ob- 
tained. The relations for obtaining this final form (in 
addition to relation A of Table 111) are summarized in 
Table VI. Equation E of this table uses eq 10. The dp/dNi 
terms in relations A through E cancel through the mixture 
EOS. The Sanchez and Lacombe multicomponent equa- 
tion for the case of pairwise additivity of p* and in terms 
of molecular parameters is 

In ai = In +i + IT&I - rir-l)-l + '?- ria( 3. ' - p +  
Ti 

(D - 1) In (1 - p )  - 

In terms of EOS parameters this is 
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Following Flory, Sanchez and Lacombe also define a set 
of dimensionless parameters Xi AP*ui*/kT so that the 
energy terms in eq 43 are 

(45) 
In some of their papers, Sanchez and Lacombe have 

invoked pairwise additivity of E* instead of p*,  E* = lT- 
$4*+1. Then they obtained results with the multicom- 
ponent form 

In ai = In rc/i + ~T-$.(I - rir-l)-l + -i5- p i  - p + fi i(0 - 

(u' - 1) In (1 -3) - (ci - 1) In (1 - pi) + 

rio p [ lT.Ui.Xi.$.l - f/21T.$.xi.$. 11 

Ti ( 

Note that in the Flory theory and in the Sanchez and 
Lacombe p* additive theory it is possible to eliminate the 
r]  (for Flory) and p* (for Sanchez and Lacombe) terms from 
the final result. However, in the Sanchez and Lacombe 
E* additive theory, defining A?* does not eliminate the E* 
term, making this form less convenient. Sanchez and 
Lacombe also state that the p* additive form is more 
quantitative than the t* form.22 

The lattice fluid theory of Sanchez and Lacombe pro- 
vides a better representation of polymer themodynamics 
by a simple generalization of the original Flory-Huggins 
lattice model. Free volume effects were included by in- 
troducing vacant lattice sites. The statistical mechanical 
development allowed molecular contact surface dissimi- 
larities between components to be incorporated implicitly 
by the judicious choice of mixing rules. Combinatorial 
contributions to the solution thermodynamics, however, 
retained the original Flory-Huggins formulation. 

The lattice fluid theory qualitatively, and often quan- 
titatively, describes the many known types of fluid-phase 
behavior. Its ability to predict mixture miscibility limits 
(i.e., UCST and LCST) and closed immiscibility loops was 
systematically treated by Lacombe and Sanchez.22 Pre- 
dicted results for heats and volume changes on mixing also 
compared favorably with experimental determinations. 

Comparison of the  Theories. The equations for the 
activity of a species in solution for the Flory, simplified 
Flory, and lattice fluid @* additive form) theories are 
summarized in Table VII. The matrix form of these 
equations facilitates comparing these results. In each case 
combinatorial contributions are handled in the same way 
(at least in the activity equations) and appear in the first 
two terms of each of these equations. The last terms of 
the Flory and Sanchez and Lacombe equations account 
for deviations of the unlike pair interaction energies from 
the arithmetic average of the interaction energies for each 
of these two components in the pure state. Although the 
form of these terms in these two theories is identical, their 
treatment of segment surface effects is not. The Flory 
theory uses site fractions rather than segment fractions, 
thereby accounting for differences in the contact sites (per 
segment) between the different species; the Sanchez-La- 
combe theory does not allow explicitly for these differences, 
but rather allows for them implicitly through the holes in 
the lattice. The middle collection of terms comes from a 
variety of sources: differentiating pure and mixture energy 
terms, the equation of state substitution, (for the Flory 
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Table VI 
Substitutions Used in Obtaining the Sanchez-Lacombe Result 

substitution 

-[rN(ii a - 1) In (1 - p ) ]  = rio(ii - 1) In (1 - P) - E( $) In (1 - i i )  - $( $) 
aNi P 2  

Table VI1 
Summary of the Activity Equations 

theory In ai 

Flory + /ii - /i + Pi(D - Oi) + 
kT 1 In $i + IT&I - Miui,p*M-l~v,p*-l)~l + 

+ p i  + pi@ - Oi) 
( i i y 3  - 1) 

3Fi ~n - 
(fill3 - 1) 

+ I M@i*Visp* 
kT simplified Flory In $i + IT&I - Miu~,p*M-l~v,p*-l)~l + 

theory) differentiating the free volume term in the par- 
tition function, and (for the Sanchez-Lacombe theory) the 
terms which represent unoccupied sites of the lattice. With 
the exception of the manner in which these two theories 
account for free volume, these middle terms are identical. 

These formulations of the solution theories provide a 
convenient framework for numerical calculations of mul- 
ticomponent polymer solutions and, consequently, for 
quantitative comparisons of the relative contributions of 
the various terms in different theories. As an example, we 

have applied these equations in a parameter estimation 
technique using perturbation gas chromatography in ter- 
nary systems. We have also used these equations to obtain 
the multicomponent equations for analyzing osmotic 
pressure second virial coefficient and preferential ad- 
sorption data in multicomponent systems. In these cases 
the equations were reported in summation form rather 
than matrix form. 
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Notation 
A 
A 
ai 
3c, 3ci 

EO, Eoi 

E ,  Ei 

f i  

f o  

G 
G E  
G 
I 
k 
Mi 
M, Mi 

N 
NO 

N, Ni 

P 
P* 
P*,  Pij* 

n 

P 

AP*, 
APij* 

Pi 
Pi* 

ri 

ro, rio 

r 

9, S i  

S 

T 
!T 
!Ti 
T* 

Ti* 
Ui 

V 
I7 
u* 

Helmholtz free energy per molecule 
partial molar Helmholtz free energy 
activity of component i in solution 
number of external degrees of freedom for the 

mixture (3c) or for pure species i (34, per seg- 
ment 

total system interaction energy for the mixture (Eo) 
or for pure species i (Eoi), for the Flory theory 

total system interaction energy for the mixture (E)  
or for pure species i (EL), for the Sanchez-La- 
combe theory 

fraction of lattice sites occupied by species i for the 
Sanchez-Lacombe theory, or a set of functions 
of the mole fractions, eq 22 

fraction of lattice sites which are vacant, San- 
chez-Lacombe theory 

Gibbs free energy per molecule 
excess Gibbs free energy, eq 6 
partial molar Gibbs free energy 
identity matrix 
Boltzmann's constant 
mass average molecular mass of component i 
n x n diagonal matrix (M) of the molecular masses 

total number of molecules in the system 
number of vacant lattice sites in the Sanchez-La- 

number of species in solution 
n x n diagonal matrix (N) of the number of mol- 

absolute pressure 
mixture reduced pressure, P = p / p *  
characteristic pressure for a mixture 
n x n symmetric matrix (P*)  of the characteristic 

binary interaction pressures (energy per volume) 
(Pij*) for the simplified Flory theory or for the 
Sanchez-Lacombe theory; Pii* = pi*, the pure 
component characteristic pressure 

n x n symmetric matrix of the lattice fluid inter- 
action parameters ( e i j *  = Pii* + P..* I1 - 2P..*) $1 

reduced pressure for component i, f+  = p/p i*  
characteristic pressure of component i 
n x n diagonal matrix (r) of the number of seg- 

ments per molecule for species i (ri) ,  for the Flory 
theory 

n x n diagonal matrix (ro) of the number of seg- 
ments per molecule k r  species i in the pure state, 
for the Sanchez-Lacombe theory 

average number of segments per molecule for the 
mixture 

n X n diagonal matrix (s) of the number of inter- 
molecular contact sites per segment for species 
i ( s i ) ,  for the Flory theory 

average number of contact sites per segment for the 
mixture for the Flory theory 

absolute temperature 
mixture reduced temperature, !T = T / T *  
reduced temperature for species i, pi = T/Ti* 
characteristic temperature for the mixture, defined 

by the mixing rules in Table I (Flory Theory) or 
Table I11 (lattice fluid theory) 

of species i (Mi) 

combe theory 

ecules of each species i (Ni) in solution 

characteristic temperature for species i 
n x n diagonal matrix with only one non-zero ele- 

ment, a 1 in the ith diagonal position 
total system volume 
mixture reduced volume 
mixture characteristic volume per segment 
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vi 
i i i  
v*, vi* 

volume per segment for species i 
reduced volume for species i, Fi = ui/ui* 
n X n diagonal matrix (v*) of the pure species 

characteristic volumes per segment ui*, riui* = 

n x n $agonal matrix (v,,*) of the characteristic 
close-packed volumes per unit mass for species 

MiuiS * 
vsp*, 

vis,,* 
i (uiSp*), MiuiS * = ri~i* 

X, X i i  n x n matrix ($ of the Flory interaction param- 
eters, Xij 

species i ( x i )  
x, x i  

z statistical mechanical partition function 
zi 
1 

Subscripts 

1,  ; mix mixture value 
Greek Letters 

n x n diagonal matrix (x) of the mole fractions of 

coordination number for the lattice 
n-dimensional column vector with each element 

equal to unity 

. .  species i or j 

activity coefficient of species i 
binary interaction energy per segment for the 

Sanchez-Lacombe theory 
n x n symmetric matrix (?*) of the segment pair 

characteristic interaction energies (tij*) for the 
Sanchez-Lacombe theory 

average characteristic interaction energy per seg- 
ment for the mixture, Sanchez-Lacombe theory 

energy per segment pair interaction for pure species 
i for the Flory theory 

n x n symmetric matrix (4) of the Flory theory 
segment pair interactions, vi, 

the total mixture interaction (a scalar) calculated 
by eq 20 

n x n matrix (A$ of the A ~ i j  values, Ati j  = t i i  + 
S "  - ZS.. 11 117 Sii = Si 

8, Bi n x n diagonal matrix ( e )  of the site fractions of 
species i ,  4 = r i N i s i / ( E y j s , )  

M i  
P 
Pi  - reduced density of species i, = l / F i  
!n 3 
$, $i 

in 5/ 
$", qio 

chemical potential of species i 
reduced density for the mixture, P = l / F  

n X n diagonal matrix of the In p i  values 
n X n diagonal matrix ($) of segment fractions of 

species i, $i = ri0Ni/(Er,ONj) 
n X n diagonal matrix o,f the In $i values 
n x n diagonal matrix (q") of the pure-state seg- 

ment fractions of species i for the Sanchez-La- 
combe theory, $io = rioNi/(CrjoNj)  

number of configurations available to a segment of 
pure species i in the close-packed state 

W i  
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ABSTRACT Differential swelling measurements performed on two poly(dimethy1siloxane) (PDMS) networks 
are reported. The two elastomers are closely similar to one another except for the chemical structures of the 
cross-links, which are quite different. The samples were swollen in benzene and in cyclohexane at 20 O C  and 
at 30 OC. The reduced dilation moduli of the two samples parallel one another in a given solvent at a fixed 
temperature, but they reveal solvent and temperature dependences that are not encompassed by any known 
theory. The results demonstrate conclusively that the assumption of separability of mixing and elastic free 
energies is incorrect and that the Flory-Rehner theory of swelling is in need of modification. 

Introduction 
For the past 40 years, the phenomenon of swelling has 

been used to analyze the physical properties of elastomers. 
The criterion for swelling equilibrium was first recognized 
by Frenkel1V2 and was later developed by Flory and Reh- 
ner3l4 into a general theory. Flory-Rehner theory is based 
on two peculiar properties of elastomers, which distin- 
guishes them from other typical solids: They absorb large 
amounts of solvent without dissolving, and they undergo 
large deformations with correspondingly small stresses. 
The major hypothesis of Flory and Rehner is that the free 
energy change on swelling an elastomer consists of two 
contributions, which they assumed to be separable and 
additive. These are the free energy of mixing, AG,, and 
the free energy of elastic deformation, AG,. Thus, the free 
energy change accompanying the absorption of a diluent 
was assumed to be given by 

(1) 
The general theories of mixing and of rubber elasticity 

are well-known. Polymer solution theory was developed 
independently by Florf and HuggimW They calculated 
the enthalpy of mixing by counting the number of poly- 
mer-solvent contacts, and the entropy of mixing by 
counting the number of different configurations possible 
for the polymersolvent system. There are several theories 
of elasticity, the most familiar of these being due to Wall 
and Flory4-13 and to James and Guth.l4-lg Both of these 
theories treat the elastomer as an assembly of randomly 
coiled chains linked together into a coherent network by 
chemical bonds. 

The virtue of swelling is that it is a relatively simple 
method for characterizing elastomers. According to eq 1 
and depending on the applicable theory of AGel, mea- 
surements conducted at  swelling equilibrium will directly 
yield the modulus of elasticity. With somewhat more effort 
than that needed for swelling equilibrium measurements, 
the solvent activity can be varied so as to swell the elas- 
tomer to different extents. This allows one to probe the 
elastic energy function in domains of deformation not 
readily accessible in ordinary stress-strain measurements. 
In view of these facts, elastomer swelling deserves careful 

AG = AG, + AG,, 
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consideration, both as a characterization technique and 
as a basis to test elasticity theory. 

Vapor sorption techniques enable one to vary the solvent 
activity, as was shown in the seminal work of Gee, Herbert, 
and Roberts.m They conducted experiments that allowed 
them to control the vapor pressure of the solvent, and the 
amount of the solvent that the polymer absorbed was 
determined by using a sensitive microbalance housed in 
a vacuum system. Similar experiments were later con- 
ducted by Yen and Eichinger21?22 using an improved ex- 
perimental apparatus. Later still, Brotzman and Ei- 
~ h i n g e r ~ ~ - ~ ~  conducted experiments on siloxane networks 
using the same apparatus. The primary purpose of each 
of these studies was to probe the elastic theories. However, 
what they all found was an elastic free energy function that 
could not be explained with any of the current theories. 
Even more disconcerting, both Yen and Brotzman found 
the elastic free energy function to be solvent dependent, 
thus calling to question the basic assumptions inherent in 
eq 1. This fact, and the fact that the elastic free energy 
function shows anomalous behavior, has led to the opinion 
that the major premisepf the theory of swelling of net- 
works, namely, the hypothesis that the elastic and mixing 
free energies are separable, is questionable. 

At  the present time, the status of the Flory-Rehner 
theory is still unresolved. From the experiments recounted 
above it appears that the theory is in need of modification. 
There is at least one possibility for the breakdown of the 
theory, as was first noted by Gee et aL20 It is possible that 
the interaction of the solvent with the cross-links is dif- 
ferent from that with the midchain segments. If this is 
the case, the elastic modulus could appear to be solvent 
dependent because inappropriate account had been taken 
of the cross-link-solvent mixing term.  calculation^^^ to 
estimate the magnitude of the cross-link-solvent interac- 
tion on the swelling measurements showed that this is an 
unlikely source of the apparent breakdown of the Flory- 
Rehner theory. To settle this experimentally, we have 
conducted swelling measurements on two closely similar 
model networks that have cross-links with quite different 
structures. If a cross-link-solvent mixing term is impor- 
tant, this experiment should discover it. 
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